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(a) Since the coordinates of the points P, Q and R are (4, 1,-1), (3,3,5) and (1,0,2c), 
respectively, the vectors QR and PR are given by 

QR = -2i - 3j + (2c -5)k 
— > 

PR = —3/ -/+(2c + l)it 
-* _ -> -* -> 

QR is perpendicular to PR if and only if QR- PR = 0 i.e. 6 + 3 + (2c - 5) (2c - 1) = 0 
=> 4c 2 — 8c + 4 = 0 

=> (c - 1) 2 = 0 
=> c — 1 


(b) PR = -3/ - J + 3* , PS = -3/ + 3k 


j 


PSx PR = 


-3 0 

-3 -1 


k 

3 

3 


= 3/ +3k 


(c) The parametric equation of a line / which passes through the point (3,3,5) and is 

— > 

parallel to the vector PR is given by 

r = (3i + 3 j + 5k) + 1 (-3 i - j + 3k) 

= 3(1 — 3/) 7 +(3-t)] + (5 + 3t)ic (-00 < f < oo) 


Noter If — oo <t< oo is not mentioned, do not penalise. 

Also note that some candidates may give the parametric equation of 
the line in the form * = 3(1 -t),y = 3-t,z = (5 + 3t), “OO < t < oo 


(M1)(A1) 

(M1)(A1) 

(Ml) 

(Ml) 

(Al) 

(Ml) (Ml) 

(Ml) 

(Al) 

(M1)(M1) 

(Al) 


continued... 
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Question 1 continued 

(d) Let P, and P 2 be points on the line 1 corresponding to /=0 and t-l, respectively. 
Hence, for r = xi+y] + zk, 

* = 3(1 -t), y = (3-t) and r = 5 + 3t. 

Putting t = 0 and t = 1, we get the coordinates of points P, and P 2 as (3,3,5) and 
(0, 2, 8), respectively. 

-» -> _ __ _ _ 

Vectors SP, and SP, are given by SP, = 2/ +2 j + 3k and SP 2 = -7 + 7 + 6* 


A vector perpendicular to both SP, and SP 2 is SP,xSP 2 = 


1 j k\ 

2 2 3 

1-1 1 6 


= 9/ -157 + 4* 

Let T (x,y,z) be any point of the plane n. Since S = (1,1,2), 
ST = (jc — 1)/ +(y—l)j+(z—2)k is a vector in it. Hence TSxn = 0 

i.e. 9(x — 1) — 15(y-l) + 4(z-2) = 0 ==> 9x-15y+4z-2 = 0 

OR 

QS = (1 - 3)7 + (1 - 3)7 + (2 - 5)A 
= -27-27-3* 

The equation of the plane containing the line / and passing through the point S is 
determined by / and the vector SQ. Hence, the equation is: 


r = 


f 3 l 


< — 3 ' 


f -2 l 

3 

+ A 

-1 


-2 

,5; 




l- 3 J 


(e) Shortest distance 




f _I ] 


r 9 \ 

— > 


2 

. 

-15 

PQm 


, 6 > 


v 4 j 


lnl 


V322 


OR 

The distance of P from n is: 

|9(4) — 15(l) + 4(— Q — 2| 

>/9 2 + 15 2 + 4 2 

IS 

~>/322 


15 

>/322 


Note: Accept 0.836 (3 s.f.) 


(Ml) 


(Ml) 


(Al) 


(Al) 

(Ml) 

(Ml) 


(M1)(A1) 


(M1)(M1) 

(M1)(A1) 


(M1)(A1) 

(M1)(A1) 
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Let the arithmetic sequence be written as a,a + d , a + 2d 
Then 

a + \\d 13 

So 13a + 52 d = 6a + 6 6d 7a = 14 d 

=$ a = 2d . 


Since each term is positive, both a and d are positive. We are given a(a + 2d) = 32, 
setting a = 2d, we get 2d {2d + 2d) = 8d 2 = 32 . 

=> d = ±2. 

Hence, d = 2 and a = 4 and sum to 100 terms of this sequence is 
~~ {(2) (4) + ( 1 00 - 1) 2} . 

= 10300 

(a) Since co is a complex number which satisfies co 3 - 1 = 0, co * 1 . Hence, 

1 + co + co 2 = - ~ 6) =0. 
l — (0 

(b) {cox + co 2 y) {co 2 x + coy) = co 3 x 2 + co*yx + co 2 xy + co 3 y 2 . 

Using (O 3 — 1 and = m t we get, 

{(OX + (0 2 y) {co 2 x + coy) = {x 2 + y 2 ) + {co 2 + co)xy 

— x 2 + y 2 — xy , (Since \ + co + co 2 =0) 


Let S{n) be the statement: 2 ln — 3n — 1 is divisible by 9. 

Since 2 2 - 3 - 1 = 0, 5(1) is true. 

Assume as the induction hypothesis S{k) i.e. 2 U - 3k - 1 is divisible by 9. 

We shall show that d{k + 1) is true. 

S{k + 1) =2 2( * +1) -3()t + l)-l 
= 4(2 2 *)-3it-4 
= 4(2 2 * -3k-i) + 9k 

By the induction hypothesis 2 2 * — 3k — 1 is divisible by 9. Since 9k is also divisible by 
9, S{k + 1) is true. 

Thus, by mathematical induction S{n) is true, n = 1,2,... 


(Ml) 

(Ml) 

(Al) 

(Ml) 

(Al) 


(Ml) 

(Al) 


(M1)(A1) 

(Ml) 

(Ml) 

(Ml) 

(Al) 


(Cl) 

(Cl) 


(Ml) 

(Ml) 

(Al) 


(Ml) 

(Rl) 
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3. 


(i) 


Let D be the event that the patient has the disease and S be the event that the new blood 
test shows that the patient has the disease. Let D' be the complement of D, i.e. the 
patient does not have the disease. 

Now the given probabilities can be written as 
/>(S | D ) = °- 99 ’ J 9(D) = 0.0001^(^1 D') = 0.05. 


(A1)(A1)(A1) 


Since the blood test shows that the patient has the disease, we are required to find /?(z>|5’). 
By Bayes’ theorem, 


p{S\D)p( < D) + p{S\D’)p{D') 

(0.99) (0.0001) 

(0.99)(0.0001) + (0.05)(1- 0.0001) 

= 0.001976...= 0.00198 (3 s.f.) 


(Ml) 

(Ml) 

(Al) 


Note: Some candidates may use a tree diagram. Please check the steps and award marks accordingly. 


(ii) 


Let n = number of chips = 1 000 , 

P — the probability that a randomly chosen chip is defective = 0.02. 

Hence, the mean np = (1000) (0.02) = 20 and the 
variance = np( 1 -p) = (1000) (0.02) (0.98) = 19.6. 

Suppose X is the normal random variable that approximates the binomial distribution 
The X ~ iV(20, 19.6). 


Thus p(193<Z<303) = .p 


19.5-20 


<Z< 


30.5-20 


l Vl93 ' 4 \ 9~6 
= /7(-0.11<Z<237) 


= 0.5349 


Notes: Some may write p(-0.1 13<Z< 2372) = 03362 . Award full marks. 
Accept answers correct to 3 s.f. 


(A1)(A1) 
(Ml) (Ml) 
(M1)(M1) 

(Al) 
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Notes: Award (Al) for the correct shape 
(Al) for both end points 
(Al) for the line x = k 


(b) Required area= £(* - ^dx - |*(* - x 2 )dx 



i_*l 1-J_ k 3 k 1 
6 2 3 6 3 + 3 2 

= - ~(2 + 2A 3 -3k 2 ) 

6 


(Ml) 

(Al) 

(Ml) 

(Al) 


continued ... 









- 11 - 


M99/510/H(2)M 


Question 4 continued 


(ii) (a) 


(M1)(A1) 


Hence, g\t) > o when 2 > In/ or Inf < 2 or t < e 2 . 

(Ml) 


Since the domain of g{t) is {t:t > 0} , g'(t) > 0 when 0</<e 2 

(Al) 

(b) 

Since g'(t) = g » (t) _ 3^7(2 -In/) 

2/ 4 / 3 

(M2) 


V/[8-31n/l 

4/ 3 

(Al) 


Hence g"(/) > 0 when 8 - 3 In/ < 0 i.e. t > e 873 

Similarly, g"(t ) < 0 when 0 < / < e 8/3 . 

Hence there is a point of inflexion when t = e m . 

(Ml) 

(Al) 

(c) 

g"(t) = 0 when t = 0 or8 = 31n/. 


Since, the domain ofgis {/:/>0}, g"(t) = 0 wheh/ = e 8/3 . 

Since g"(t) > 0 when t > e 8/3 and s "(t) < 0 when t < e 8/5 , 

| 8/3 8 _4/3 ] . 

( e ’ J e J ,s ™ e P° int of inflexion. The required value of / is e 8/3 . 

(Ml) 

(Ml) 

(Al) 


Note: Award (Al) for evaluating t as e 8/3 . 


( d ) g'(0 = 0 when In/ = 2 or / = e 2 . 

Also g"(e 2 ) = -^8-lne 2 ] fc 

4(e 2 ) 3 - 4e s < ° 

Hence t* = e 2 

(e) At (/* , g(/*)) the tangent is horizontal. 

So the normal at the point (/* , g(t')) is the line t = /*. 

Thus, it meets the t axis at the point t = /* = e 2 and hence the point is (e 2 , 0) . 


(Ml) 

(Ml) 

(Al) 

(Ml) 

(Ml) 

(Al) 
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(1) (a) 5is the group of permutations of {1,2,3} under the composition of pemwation. 

Since 3! = 6, order of S = 6. 


(b) Members of S are p 0 = 


P 3 = 


fi 2 r 

1 2 3 ; 

1 2 3) 

1 3 2 ’ 


P\ - 


Pi = 


1 2 3^ 

2 3 1 j 

1 2 3^ 

2 1 3 


P 2 = 


Pj = 


1 2 3^ 
3 1 2 


f 1 2 3 
3 2 1 


J Note: Award (A2) for 3 correct permutations; 

(Al) for 2 correct permutations; 
(AO) for 1 correct permutation. 


Since 


Pj°P« = 


( \ 2 3 
,1 3 2 


1 2 3 

2 1 3 


; 

P-i°Pt * p A °Pi 


1 2 3 
3 1 2 


1 2 3\ 

2 3 1 j 


Note: There are other possibilities to show that the group is not Abelian. 


(c) pf = 


1 2 3Vl 2 3 


P\ = 


2 3 1 j 

1 2 3^ 

3 1 2 


2 3 1 

1 2 3 

2 3 1 


r l 2 3^ 
J 1 2 


= P 2 


f \ 2 3 
1 2 3 


= Po- 


(Note that p a is the identity of the group S.) 

Hence {p 0 , Pl ,p 2 } form a cyclic group of order 3 under the binaiy operation of 
composition of permutations. 

Note: Some candidates may write {p 0 ,p x ,p 2 } is a subgroup of order 3, (award (Al)) 
and write the following table, (i 


(Ml) 

(Rl) 

(AG) 

(A2) 


(Ml) 

(Rl) 


(Ml) 


(Rl) 


o 

P 0 

Pi 

Pi 

P 0 

P 0 

Pi 

Pi 

P\ 

Pi 

Pi 

P 0 

P 2 

P2 

P 0 

Pi 


continued ... 
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Question 5 continued 


(") ^ Let A- j ^ ^ :a,6eR,a*ol. 


Te t [ a b ) ,( c <*) 

\-b o I and -J cl be tW0 elements of A. Then 


a ^ ( c d^fac-bd ad+bc 
~b a){-d c)\-bc-ad -bd + ac 


-P a J’ lfwe a = ac -bd,p = ad+bc. 


Since a, p are real numbers A is closed under matrix multiplication 

multiplied is , 


“3 “ »" ■- collection oFi, 7^ 7JZT1 

losed with respect to the binaiy operation of multiplication of matrices. 


Q U A and is the identity since f ° ^If 1 _ f 1 °Y a b 

J \r b a^O lJ (o lll-b a 


for any element ° ^ of A 

-b a 


-b a 


(M1)(M1) 


Since a ^ 0, the determinant 


\-b a 


-a 2 +b 2 *0. 


Hence the matrix 


-b a I has 311 inverse, which is 


1 fa -b 


cP +b 2 \ b a 


a b)f 1 fa -b\] f\ 0 


~b a)\ a 2 +b 2 \b a 


(R1)(A1) 


1 fa -b\f a b 


-a^+yyb a Jl-b a) a 2 +b 2 


1 a 2 +b 2 


a 2 +b 2 } 10 1 


Note: Some candidates may use f ^ = ® 


inverse of 


-b aj[-y x I lo 1 


I* Award marks as appropriate. 


to find the 


continued ... 
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Question 5 (ii) continued 


(b) 


M=- 


f 1 O') f 1 0 


o 1/0 -1 ’ 


(- 1 
0 




M contains the identity 


f 





The following results show that the set M is closed with 
multiplication as the binary operation. 


respect to matrix 


1 

u 


o Y-i o 


-i o i 



o V i 0 ] fi o') 

1° -W -lj'io 1 ; 


f-i 


oVi o 


l 


0 -1 


-1 O' 
0 - 1 ; 


o' 

(-1 o' 

,0 -b 

1° -i J 



_1 OVl OW-I O' 

0 -l){o -iJ-(o 1 J 



0Y-1 o 


10 1 



-1 ov-l OWl O') 
0 lAo -ij (o -/ 


-1 oY-i o') 

0 -lAo -ij 


f 1 O') 

1° ij 


-1 0 Y-i 

0 -iJl 


r l O') 

lo -1/ 


(Al) 

(Rl) 


(M2) 


Smce the product of each element with itself is the identity, every element of M 
is its own inverse. Hence M is a subgroup of A. 

(c) The order of the group M is 4. If it had a subgroup of order 3, then by the 
corollary of the Lagrange’s theorem, 3 must be a divisor of 4. 

Since it is not true, M can not have a subgroup of order 3. 

(m) (a) Let (G, o) and (H,») be two groups. They are said to be isomorphic if there 
exists a one-to-one transformation f .G->H which is surjective (onto) with the 
property that for all x,y eG, f (x° y) = f(x)» f(y). 

Note: Some candidates may say that the groups (G,°) and (//,.) are isomorphic 
ifthey have same Cayley table (or group table). In that case award (Cl) . 

(b) Since f(x)eH for some x e Q. 

Since e' is the identity element in H, 
e'*/W = /(jc) = /(xoe) = /(e). /(*). 

By the right cancellation law, e' — /(e). 


(Rl) 


(Ml) 

(Rl) 


(Cl) 

(Cl) 


(Ml) 

(M1)(A1) 

(Rl) 


continued ... 
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Question 5 (iii) continued 


(c) Suppose G=<a~>, the cyclic group generated by a, Lc. n is the smallest positive 
mteger such that a n = e, the identity in G. 

Let / : G — > H be an isomorphism. Let f(a) = beH. 

f (‘' 2 )=/(««a) = /(a)./(a) = (/(fl)) J , In general f (a n ) = {f (d)]' . 

By (iii) (b) (/ (<ar)) = e , the identity in H. Hence b" = e’ and consequently H is 
a cyclic group of order n with generator b. 

(d) Z 4 — 1[0] , [1], [2] , [3]} . Let © 4 be the binary operation. 

[i] © 4 (1] = [2], [1] © 4 [2] = [3], [1] © [3] = [0] 

Hence [1] is a generator of the group (Z 4 , © 4 ) and Z 4 is cyclic. 

Since each element of M is of order 2, M is not cyclic. 

Hence Z 4 is not isomorphic to M. 


(Cl) 

(M1)(A1) 

(Rl) 

(Ml) 

(M1)(A1) 

(Ml) 

(Rl) 
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(0 (a) 


(H) 


(b) 

(c) 
(a) 


If G is a directed graph with n vertices, then an adjacency matrix of G is an n x n 
matrix whose i,j entry is a number different from zero if there is a directed edge 
from the vertex v, to the vertex v Jt and zero if there is no directed edge 
connecting v, and v .. 

The sum of the entries in row / of the adjacency matrix of the directed graph G is 
equal to the outdegree of the vertex v, of G, i.e. the number of directed edges 
from vertex v t . 

The sum of the entries in column; equals the indegree of the vertex; i.e. the 
number of directed edges to vertex v ; . 



Note: Award (A3) for 6 correct, (A2) for 5 correct; 
(Al) for 4 correct, (AO) for 3 or fewer correct 


(b) Since the element in the second row and the fourth column of A 2 is 1, there is 
only one path of length 2 from v 2 to v 4 . 

(iii) ( a ) (0 A complete graph k 5 is a graph on 5 vertices where every vertex is 

connected to every other vertex. 




(C2) 


(C2) 


(C2) 


(A3) 


W)(R1) 

(A2) 


ij 

.,i 

i! 

!i 


(Al) 


continued ... 
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Question 6 (iii) continued 

(ii) In k 3 3 vertices are divided into two disjoint sets A and B, each having three 

vertices such that no two vertices in A are adjacent and no two vertices in B 
are adjacent, but every vertex of A is adjacent to every vertex of B. 


Example: 



*■ 3,3 

(b) To find a Hamiltonian circuit in ic 3 3 , we show that there is a circuit which goes 
through each vertex exactly once. Such a circuit is shown below: 



Note: Please check the circuit drawn by the candidate and award (M2)(A1) for a 
correct answer. 

Also note that some candidates may not show the Hamiltonian circuit but 

mention that each vertex of ic 3 3 has degree 3 = -. Hence there is a 

2 

Hamiltonian circuit. In this case award (M2)(A1 ). 


(Al) 


(Al) 


(Ml) 


(M1)(A1) 


continued... 
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Question 6 continued 
(iv) 


Front door 


V 2 

_ J 1 

E — ^ 

V 

1 

1 1 

J 

V 5 

— 1 [— 

1 

V 

r 

i 

\ 1 

V 8 

1 

i 

V, 

It 


1 1 

— -T 

C 

V 4 

1 1 

1 

J 

'6 

|_ 

H r~ 

^ V 7 

i i 

r 

9 

•h-J 

H r~ 

I V 10 


Rear door 


Let the front door, rear door and each room of the house be labelled as shown. We take 
each of these as a vertex, and draw edges when they are connected by a door The 
graph of the floor plan is: 


(Ml) 


y \0 


The degree sequence for this graph v,,v 2 ,...,v„ is 1,2, 4, 2, 3, 4, 3 , 2 , 4 , 2 , 1 . 

The degree of each vertex is not even and hence there is no Eulerian circuit. 

Hence it is not possible to enter the house through the front door and exit at the rear 
door, travelling through the house going through each internal doorway exactly 
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Question 6 continued 


(v) (a) The degree sequence yields the number of * 

isomorphism preserves adjacency of vertices. ° f 8 verax “ d a " 

lf two “» '“morphic and the degree sequences are not the same 

ob^atta m °' T °“ “* Pre “"' * h ' adjaC “ C >' ° f ’*'*« contradicting our 

Thus an isomorphism must preserve degree sequences. 

(b) The degree sequences of the graphs G and /fare 2, 3, 3, 3, 3, 4 and 2 3 3 3 5 2 
respectively. ’ • 5 > 3 > z 

Since they are not the same, the two graphs are not isomorphic by (a). 

(vi) We start with point A and write 5 as the set of vertices and T as the set of tk 

weights on each edge will be used in applying Prim’s algorithm. ' 

m la y, (A) In each subsequent stage, we shall update S and T. 


Step 1 : Add edge h 
Step 2: Add edge e 
§ te P 3: Add edge d 
Step 4: Add edge a 
Step S: Add edge i: 
Step 6: Add edge g: 


So S={A,D}, 

So S = {A,D,E} 

Then S = {A,D,E,F} 
TheaS={A^D,E,F,B} 

Then S={A,D,E, F, B,G} 
Then S = {A,D,E,F,B,G,C} 


Note: Award (M3)(A3) for all 6 correct, (M3)(A2) for 5 correct 
(M2)(A2) for 4 correct, (M2)(A1) for 3 correct; 

(M1)(A1) for 2 correct, (M1)(A0) for 1 cortect.’ 


T={h} 

T={h,e) 

T = {h,e,d} 
T={h,e,d,a} 

T= {h,e,d,a,i} 
T= {h,e,d,a,i,g} 


!he vertte 8 ] “ l ( ?' a ™m g » obmined by going through 

The weight of the edges in T is 5+3 + 5+7 + 5 + 6 = 31 



(Ml) 


(Ml) 

(Rl) 

(M1)(M1) 


(Rl) 


(M3) (A3) 


(Ml) 

(Rl) 


~ ,v 7^ 
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7. 


(i) (a) Let X denote the number of flaws in one metre of the wire. Then E(X) = 2.3 

flaws and P(X = 2) = e' 2 3 QQ— 

2! 

= 0265. 

(b) Let Y denote the number of flaws in two metres of wire. Then Y has a Poisson 
distribution with mean E(Y) = 2x23 = 4.6 flaws for 2 metres. 

Hence, .P(Y>l) = l-P(r=0) = l-e' 46 
= 0.9899 


Note: Accept 0.990 (3 s.f.), or 1 - e -4 6 . 


(ii) Let x be the sample mean, fi be the population mean and cr be the population standard 
deviation. 


Hence, cr r , the standard error is given by c- x =-= = -= , where n is the sample si 

<n -Jn 

which is required. 

The 95 % confidence interval of the population mean fi is given by ( 3 c — jY) + 1.96<r j 


size 



4~n 


\4nj 


(1.96)2 025 

0.25 r 4(1.96) 

sn > = 3 U 6 


4(1.96) 025 

Hence, n > 983.44 
The sample size required is 984 


Note: Award (M2)(R2) if candidates write: "We need to find n 

( 4 \ 

such that — i — ( 1.96) < 025 . " 

W»y 


(M1)(M1) 

(Al) 


(Ml) 

(Ml) 

(Al) 


(M1)(A1) 

(M1)(A1) 


(M1)(R1) 


(M1)(M1) 

(Al) 

(Ri) 


continued... 
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Question 7 continued 

( "° 7* £ * * h ' Week ' y mean wa « e ° f sc * ence and humanities smdenu 

respectively. The hypotheses to be tested are 

“^2 ^0 

It is a two-tailed test. The test statistic is I, -x 2 . The two random variables are 

independent i.e. probability of selection of a science student is not affected by the 
selection of a humanity student. J 

/i. . =0 a- . = E | 

r Xl -x 2 U > U x,-x 2 + 

V *1 "2 

where a x ,<y 2 are the population standard deviations of science and humanity students 
respectively. Since the samples are large one can approximate <r,,cr 2 by s,,s 2> 
respectively. The resulting estimated standard error is given by 


f”l «2 

fg , (4-5) 2 
100 200 


= 051... 



From the normal distribution table we obtain the decision rule that if the computed 
value ofz> 233 or z < -233 then we reject H 0 . 


(M1)(A1) 


But z = • 


_ $ 120.5 — 115 
051 

= 10.784 >233 


So we reject H 0 . 

Thus, we conclude the wages of science and humanity students are not the sam< 

Note: An alternative approach by calculating critical values for a rejection region 
»s possible. Please check the working and award marks accordingly. 


continued... 
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Question 7 continued 


(iv) H„: the cost of the automobile is independent of the number of complaints. 

'■ the C0St ofan autom °bile is not independent of the number of complaints. 


The observed frequencies are first totalled, and then the 
are calculated from the formula: 


expected frequencies under H 0 


expected frequency = - (row total) (column total) 

grand total 


Cost 

Nuir 

<5 

iber of compl 
6-10 

aints 

>11 

Total 

>$30001 

60 

120 

20 

200 

$ 15001 -$30000 

138 

276 

46 

460 

2$ 15000 

102 

204 

34 

340 

Total 

300 

600 

100 

1000 


Table of expected frequencies 


Note: Award (A4) for 9 correct bold entries 

(A3) for 7 or 8 correct bold entries 
(A2) for 5 or 6 correct bold entries 
(Al) for 4 correct bold entries 
(AO) for 3 or less bold entries 


* 2 =X 



(Al) 


(A4) 


(Ml) 


We shall calculate % 2 from a table where we shall list f 0 ,f e , (/" — f f*) 

where f 0 is the observed number of complaints and f t is the expected number of 
complaints. 


continued... 
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Question 7 (iv) continued 



v — number of degrees of freedom = (3 — 1) (3 — 1) = 4 


At the 5 % level of significance, Z 2 0 0 , with four degrees of freedom, Z 2 m = 9.49 

De cision rule: If * 2 >9.49, reject H 0 . If* 2 <9.49, then accept tf 0 . 

Our computed * 2 = 79.43 >9.49 and hence according to our decision 
rule, we reject H Q . 


Conclusion: 


The cost of the automobile is not independent of the number of 
complaints. 


Award (M1)(R1) for stating: X \ M = 9.49 < 79.43, hence rcject H 


(A3) 

(Ml) 

(Al) 


(Rl) 
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8 * (0 (a) Let f(x)-x 3 -3x-5. Hence /(l) = -7<0 and /(3) = 13>o. 

Hence, by the intermediate value theorem there is one zero of f(x) = x 3 - - s 

mthe interval l£x< 3. J \ ) x Jx :> 

(b) f(x) = x 3 -3x-5 
f'( x ) - 3jc 2 - 3 


(Ml) 

(Al) 


X n+l x n 


f(x„) 

/'(*„) 



n 


X n+1 


0 

2 

2333333 

0.333333 

1 

2333333 

2280556 

0.052777 

2 

2280556 

2279020 

0.001536 

3 

2279020 

2279019 

lxlO -6 

4 

2279019 

2279019 

lxlO -6 


Note: Award (A3) for 5 correct bold entries 
(A2) for 4 correct bold entries 
(Al) for 2 or 3 correct bold entries 
(AO) for 0 or 1 correct bold entries 


(M1)(A1) 


(A3) 


Since we need accuracy 10' 5 , we need | x n -x n+l | < 5 x 1 0 -6 
X - 2219 02 is the solution of f (x) = 0. 

(ii) (a) Formula for the trapezium rule with n — 6 gives. 



[s( x o) + 2g(x l ) + 2g(x z ) + 2g(x- i ) + 2 g(x 4 ) + 2 g(x i ) + g(x 6 )] 


(M2) 


= 0.745 

Formula for Simpson’s rule gives, 

J o g(*)dx - — [g(x 0 ) + 4g(x, ) + 2 g(x 2 ) + 4g(* 3 ) + 2g(x 4 ) + 4g(x s ) + g(x 6 )] 
= 0.747 



(Al) 


(M2) 

(Al) 

(M1)(A1) 


"VT-rs*-*- 






1 .f 

\ { * 'dis- 


continued... 
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Question 8 (ii) continued 


(c) Let s,(g) be the approximation to by Simpson's rule over a intervals 

of equal length. 

<_£_ 

(180)« 4 

1 

30« 4 ’ 

Since | g (4) (x)| < 6 for 0 < x < 1. 

To be correct to 5 d.p., we need to find n so that 

-jL-S5*10^ 


So 


fg(x)dx-S„(g) 


i a6 

Lc. 30/? 4 > or /j 4 


io 6 


Hence, we need 10 intervals. 


(iii) (a) If g(x) is continuous for a < , < b and differentiable for a<x<b, then there 
exists a<;ina<£<6so that 
Sib) -g( a ) = (b- a)g'(^) ,a<£<b. 


(b) By the mean value theorem h(x) -h( 0) = h'(c)(x - 0) . for 0 < e < 7 

Therefore | A (x) - /z (0) | < 1 Ox , for 0<x< 7, since \h'(x)\< 10. 
Thus -70 + A(0) <h(x)<h( 0) + 70 
=> -70-4 <h(x )<- 4 + 70 

=* -74 <h(x)<66 

Hence h(x) > -74, for0<xS7. 


(iv) (a) Let 


Then 


lim = lim 
U k *-*- 


jk± 2 ) 

3*+ i 


(i + 1) 



and hence the series converges by the ratio test. 


(Ml) 

(Al) 

(Ml) 

(Ml) 

(Ml) 

(Al) 

(Al) 

(Al) 

(Ml) 

(Al) 

(Ml) 


(Al) 


(M2) 

(Rl) 


continued... 
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Question 8 (iv) continued 


(b) Let/(r) = L__ 

*(lnx) 3 


^otfeaM ““ ° f ' f “ '« “ ■ *"■"■« 


Further, /(A) = 




Hence, by the integral teat, ±- converges or diverges according to the 
convergence or divergence of J 


* =2 f Ar(ln*) 

— — -y = iim f' * 

R-+~J2 


*(ln;t) 3 


= lim 


'(In*)’ 2 ' 

R r 

-. : J_ 1,1] 

-2 

2 *— [ 2(ln*) 2 2(ln2) 2 j 


2 x(ln.r ) 3 
1 


So the series converges, by the integral test. 
k 


(c) X(-i)--L 

“ is an alternating series. 

* + 1 

When/W.-^./'W.Jf^-so, 

\ 

when x > 1, the sequence <|— — is a decreasing 


(Ml) 


(Ml) 

(Al) 

(Rl) 


(M1)(A1) 


sequence. 


Also lim ~ - = lim — = o. 

*“*** k ■+* J k—foo 1 

K+~ 

k 


Hence the series converges by the alternating series test. 


(M1)(A1) 

(Rl) 



